The complex Minkowski phase space has the physical interpretation of the phase space of the scalar massive conformal particle. The aim of the paper is the construction and investigation of the quantum complex Minkowski space.
Introduction
Extending the Poincaré group by dilation and acceleration transformations, one obtains the conformal group SU (2, 2)/Z 4 , which is the symmetry group of the conformal structure of compactified Minkowski space-time M , where Z 4 = {i k id : k = 0, 1, 2, 3} is the centralizer of SU (2, 2). According to the prevailing point of view SU (2, 2)/Z 4 is the symmetry group for physical models which describe massless fields or particles, but has no application to the theory of massive objects. However, using the twistor description [1] of Minkowski space-time and the orbit method [2] , the different orbits of SU (2, 2)/Z 4 in the conformally compactified complex Minkowski space M := M C may be considered to be the classical phase spaces of massless and massive scalar conformal particles, antiparticles and tachyons, see [3, 4] .
The motivation for various attempts to construct models of non-commutative Minkowski space-time is the belief that this is the proper way to avoid divergences in quantum field theory [5] . Here, on the other hand, our aim is to quantize the classical phase space M ++ ⊂ M of the massive particle by replacing it by the Toeplitz-like operator C * -algebra M ++ . To this end we first One defines the compactified complex Minkowski space M as the Grassmannian of 2-dimensional complex vector subspaces w ⊂ T of the twistor space and SU(2, 2) acts on M by σ g : w → gw.
3)
The Grassmannian M splits into the orbits M kl indexed by the signatures of the restricted Hermitian forms sign η| z = (k, l), where k, l = +, −, 0.
The orbit M 00 consisting of subspaces isotropic with respect to η is the conformal compactification M of real Minkowski space and M is the complexification of M = M 00 . The cotangent bundle T ⋆ M 00 → M 00 is isomorphic with the vector bundle {(x, X) ∈ M 00 × su(2, 2) : im X ⊂ x ⊂ ker X} =: N pr1 − − → M 00 , where pr 1 is the projection on the first component of the product M 00 × su (2, 2) . The vector bundle isomorphism T * M 00 ∼ = N is defined by the following sequence T *
x M 00 ∼ = (su(2, 2) su(2, 2) x ) * ∼ = {X ∈ su(2, 2) : Tr Y X = 0 ∀Y ∈ su(2, 2) x } ∼ = {X ∈ su(2, 2) : im X ⊂ x ⊂ ker X} = pr −1 1 (x) of the vector space isomorphisms. There exists a conformal structure on N defined by the cones C x := {X ∈ pr
. This conformal structure is invariant with respect to the action of SU (2, 2) on N defined by J 0 (x, X) := X (2.5) J λ (w) := iλ(π w − π w ⊥ ), (2.6) where ⊥:M →M is the involution, which maps w ∈M on its orthogonal complement w ⊥ (with respect to the twistor forms η) and π w : T → T and π w ⊥ : T → T are the projections defined by the decomposition T = w ⊕ w ⊥ . The maps J 0 and J λ are equivariant with respect to the actions α and σ respectively and Ad-action of the conformal group. Thus J 0 maps N ++ , N +− , N −− on the 8-dimensional nilpotent Ad-orbits and
on the 8-dimensional simple Ad-orbits which consist of X ∈ su(2, 2) with eigenvalues iλ and −iλ. Using the Kirillov construction [2] we obtain the conformally invariant symplectic form ω 0 onÑ (identical with the canonical symplectic form of T * M 00 ) and the conformally invariant Kähler form ω λ onM. So (Ñ, ω 0 ) and (M, ω λ ) are 8-dimensional conformal symplectic manifolds with momentum maps given by (2.5),(2.6).
In order to show thatÑ andM have a physical interpretation of the phase spaces of the conformal scalar massive particles, let us take the coordinate description of the presented models. We fix an element ∞ ∈ M 00 , called point at infinity. One defines the Minkowski space M 00 ∞ as the affine space of elements w ∈ M 00 which are transversal to ∞, i.e. w ⊕ ∞ = T. The elements w ∈ M 00 which intersect with ∞ in more than one-dimension, i.e. dim C (w ∩ ∞) 1, form a cone C ∞ at infinity, so
The cones C x = {x ′ ∈ M 00 : dim C (x ∩ x ′ ) 1} define a conformal structure on M 00 , invariant with respect to the conformal group action given by (2.3). The Poincaré group P ∞ extended by the dilations is defined as the stabilizer (SU(2, 2)/Z 4 ) ∞ of the element ∞. The intersections of the stabilizers (SU(2, 2)/Z 4 ) ∞ ∩ (SU(2, 2)/Z 4 ) 0 , where 0 ∈ M 00 ∞ is the origin of the inertial coordinates system, is the Lorentz group extended by dilations. One defines the Lorentz group L 0,∞ and the group of dilations D 0,∞ respectively as the commutator and the centralizer of (SU(2, 2)/Z 4 ) ∞ ∩ (SU(2, 2)/Z 4 ) 0 respectively. Finally, the group of Minkowski space translations T ∞ consists of the elements exp X, where X ∈ su(2, 2) satisfies im X ⊂ ∞ ⊂ ker X, while the elements exp X fulfilling im X ⊂ 0 ⊂ ker X, define the commutative subgroup A 0 of four-accelerations.
Let us assume in the following that
where we use the 2 × 2 matrix representation with Pauli basis:
. This choice of η, ∞, 0 gives us the decomposition
where the subalgebras of 4-translations, Lorentz, dilations and 4-accelerations are given respectively by
The basis of su(2, 2) * ∼ = su(2, 2) dual to the one defined by Pauli matrices in the Lie subalgebras
One has the matrix coordinate map
where X, S ∈ H(2) and H(2) is the vector space of 2 × 2 Hermitian matrices. The momentum maps (2.5) and (2.6) in the above defined coordinates are given by
* we obtain the expressions
for the four-momentum p µ , relativistic angular momentum m µν , dilation d and four-acceleration a ν respectively, where S = s µ σ µ , X = x µ σ µ . In the coordinates x µ , p µ = s µ the symplectic form ω 0 assumes the canonical form ω 0 = dx µ ∧ dp µ . (2.20) 24) where the real coordinates x µ , y µ onM are defined by
The coordinate description of ω λ is the following
Concluding, one has two models (N, ω 0 ) and (M, ω λ ) of the massive scalar conformal particle. Using the canonical coordinates (x µ , p ν ) common for both models we obtain that
it describes the state of a conformal scalar massive particle;
it describes the state of a conformal scalar massive anti-particle;
it describes the state of a conformal scalar tachyon.
The orbits N 0+ (M 0+ ) and N 0− (M 0− ) describe the states of massless particles and anti-particles but this case will not be discussed further.
Two above presented models do not differ if one considers them on the level of relativistic mechanics, since both of them behave towards Poincaré transformations in the same way. The difference appears if one considers the fouracceleration transformations parametrized by C = c µ σ µ , which in canonical
26)
for the standard modelÑ and
(2.28)
for the holomorphic modelM. We see from (2.29) that in the holomorphic model (opposite to the standard one) the four-momentum P = p µ σ µ transforms in a non-linear way. This fact implies a lot of important physical consequences, e.g. the conformal scalar massive particle cannot be localized in the space-time in conformally invariant way. From (2.24), (2.28), (2.29) it follows that the holomorphic model corresponds to the nilpotent one when λ → 0.
Conformally invariant quantum Kähler polarization
In this section we shall make the first step in the direction to construct quantum conformal phase space. Since the case of the antiparticle can be transformed by the charge conjugation map to the particle one, see [4] , and the tachyon case is less interesting from physical point of view, we will work only with the phase space M ++ of the conformal scalar massive particle. The phase space T * M 00 has the real conformally invariant polarization defined by the leaves of its cotangent bundle structure. In canonical coordinates this polarization is spanned by the vector fields { ∂ ∂p ν } ν=0,...3 . For the holomorphic phase spaceM the conformally invariant polarization is Kähler and in the complex coordinate it is spanned by (
where W ∈ M at 2×2 (C) is the matrix holomorphic coordinate of w ∈ M ++ . Using complex matrix coordinates (2.12) one identifies M ++ with the future tube
Applying the Caley transform
we map T on the symmetric domain
Let us remark here that the coordinates Z ∈ D correspond to the diagonal representation of the twistor form η = σ 0 0 0 −σ 0 . Below we use both systems of coordinates. In order to quantize M ++ we will use the method of coherent state map investigated in [10] . For the other construction of noncommutative manifolds by using coherent state method see also [11] . The essence of this method consists in replacing the classical state m ∈ M ++ by the quantum pure state, which means, that one defines the map K λ : M ++ → CP(H) from the classical phase space M ++ into the complex projective separable Hilbert space CP(H). We will call K λ coherent state map and in our case we will postulate that it has the following properties:
(i) K λ is consistent with the conformal symmetry, i.e. there exists an unitary irreducible representation U λ : SU(2, 2) → Aut H with respect to which the coherent state map is equivariant:
(ii) K λ is consistent with the holomorphic polarization (
). This denotes that K λ is a holomorphic map.
where ω F S is Fubini-Study form on CP(H). The projective Hilbert space is considered here as Kähler manifold (thus symplectic manifold). This condition one needs for the consistence of classical dynamics with quantum dynamics.
The coherent state map K λ : M ++ → CP(H) fulfilling the properties postulated above one obtains by the applying of the representation theory, see [12, 13] . We skip here the technical considerations and present only the final result. Let
where m, 2j ∈ N ∪ {0} and −j j 1 , j 2 j, denote an orthonormal basis in H,
where
and
defines a coherent state map
with the properties mentioned in assumptions: (i), (ii), (iii). The condition (i) restricts the variability of the parameter λ > 3 to integer numbers. From now on, to simplify the notation, we will write |Z instead of |z; λ . If the dependence on λ is relevant we will write |z; λ .
The projectors |Z Z| Z|Z representing the coherent states give the resolution of the identity
with respect to the measure
where |dZ| is the Lebesgue measure on D and 15) which is equivalent to D dµ λ = 1. Hence, by the anti-linear monomorphism
one identifies H with the range of I λ in Ø(D), which is equal to the Hilbert space of holomorphic functions L 2 O(D, dµ λ ) square integrable with respect to the measure (3.14).
The representation
i.e. it is a discrete series representation of SU(2, 2) and acts on the coherent states by
, see [14, 15] .
The fifteen physical quantities p ν , m µν , d and a ν , µ, ν = 0, 1, 2, 3, which characterize the scalar massive conformal particle form the conformal Lie algebra su(2, 2) with respect to the Poisson bracket
defined by the symplectic form ω λ . Each one of them defines a Hamiltonian flow σ g(t) on M ++ realized by the corresponding one-parameter subgroup g(t), t ∈ R, of SU (2, 2). By the equivariance condition (4.38) this Hamiltonian flow σ g(t) is quantized to the Hamiltonian flow on CP(H) given by the one-parameter subgroup U λ (g(t)) of representation (3.18) . The generators of these one-parameter subgroups are realized in L 2 O(T, dµ λ ) as follows:
see [6] . They are quantized versions of their classical counterparts given by (2.16)-(2.19). The measure dµ λ in the future tube representation is given by
It was shown in [10] that the coherent state method of quantization is equivalent to the Kostant-Souriou geometric quantization. Besides generators (2.16)-(2.19) of the conformal Lie algebra su(2, 2) there is also reason to quantize other physically important observables. In particular case the ones belonging to the family Ø ++ (D) consisting of complex valued smooth functions f : M ++ → C for whose there exists bounded operators
for any Z ∈ D ∼ = M ++ . Since the coherent states |Z form a linearly dense subset of H one has correctly defined linear map a : ii) The map a :
monomorphism of algebras;
iii) The image a(Ø ++ (D)) is uniformly closed in L ∞ (H) (i.e. with respect to operator norm · ∞ ).
Hence, Ø ++ (D) is a Banach subalgebra of the Banach algebra H ∞ (D) of functions which are holomorphic and bounded on D. Let us remark here that completeness of H ∞ (D) follows from the Weierstrass theorem, see e.g. [16] . Indeed one has:
for Z ∈ D. The above shows that a(f ) = (a(f ) * ) * fulfills (3.25). According to [17] we shall call the commutative Banach algebra P ++ := a(H ∞ (D)) the quantum Kähler polarization and its elements a(f ) ∈ P ++ the annihilation operators.
The coordinate functions f kl (Z) := z kl , where k, l = 1, 2 belong to H ∞ (D). Therefore a kl := a(f kl ) ∈ P ++ and their action on the basis (3.7) is given by
(3.31)
In the expressions above we put by definition j m j 1 j 2 := 0 if the indices do not satisfy the condition m, 2j ∈ N ∪ {0} and −j j 1 , j 2 j.
The coordinate annihilation operators a kl , k, l = 1, 2 generate Banach subalgebra P ++ pol of P ++ . Let us denote by P ol(D) the algebra of polynomials of
For the following considerations let us fix the matrix notation ii) P ++ pol is a semisimple Banach algebra, i.e. if p ∈ P ++ pol is such that for each c ∈ C there exists (1 + cp) −1 then p = 0.
iii) P ++ pol P ++ , i.e. it is proper Banach subalgebra of P ++ .
iv) The vacuum state is cyclic with respect to the Banach algebra P ++ pol
So, D is convex bounded subset of M at 2×2 (C). Thus D is polynomially convex and compact. By definition P ++ pol has a finite number of generators. Hence statement i) is valid, see for example Chapter 7 of [18] .
ii) We recall that the radical of algebra P ++ is R = {b ∈ P ++ : (b + λI) is invertible for any λ = 0}. and notice that operator ∆ jm j1j2 (A † ) ∈ P ++ pol . We define the action of the g ∈ SU(2, 2) on A by
where SU(2, 2) ∋ g → U λ (g) ∈ Aut(H) is discrete series representation defined by (3.17). Using the above notation we formulate the following statement.
for g ∈ SU(2, 2).
Proof:
So eigenvalues of DD † satisfy d 1 , d 2 1, which implies that is holomorphic on Ω. So, by the Oka-Weil theorem, see [18, 19] , there is a sequence {p n } of polynomials in z 11 , z 12 , z 21 , z 22 with p n → σ g uniformly on D. Since P
ii) Let us note that for a linearly dense set of the coherent states |Z , Z ∈ D,
which gives (3.41). We conclude immediately from Proposition 3.3
pol , g ∈ SU(2, 2) with respect to the discrete series representation. Let us make a closing remark that quantum polarization P ++ gives holomorphic operator coordinatization for the classical phase space M ++ and subalgebra P ++ pol ⊂ P ++ gives the coordinatization of M ++ algebraic in the annihilation operators.
Conformal Kähler quantum phase space
The holomorphic quantum coordinatization of the classical phase space M ++ by the operator Banach algebra P ++ is not sufficient from the physical point of view. The reason is that the complete quantum description of the scalar conformal particle also requires self-adjoint operators, for example such as those given by (3.20)-(3.23). Therefore, we are obliged to include in our considerations the Banach algebra P ++ generated by the creation operators a * kl , k, l = 1, 2, which by definition are conjugated counterparts of the annihilation operators. The algebra P ++ gives anti-holomorphic quantum coordinatization of M ++ . From Proposition 3.3 it follows that P ++ as well as P ++ are conformally invariant quantum Kähler polarizations on M ++ . Then, following [17] , we shall call the operator C * -algebra M ++ ⊂ L ∞ (H) generated by P ++ the quantum Kähler phase space of the scalar conformal particle. We shall denote by M ++ pol the proper C * -subalgebra of M ++ generated by P ++ pol P ++ . The relation between the quantum phase space M ++ and its classical mechanical counterpart M ++ is best seen by the covariant and contravariant symbols description.
For any bounded operator F ∈ L ∞ (H) one defines the 2-covariant symbol
The 2-contravariant symbol f is defined as an element of the space B 2 (D × D) of complex valued functions on D × D for which the integral
exists weakly and
, where the measure dµ is defined by
We define: i) the associative product
and the involution f
of the 2-contravariant symbol. The map
is an epimorphism of algebras with involution and
Thus the quotient algebra B 2 (D × D)/ ker F λ and L ∞ (H) are isomorphic as C * -algebras. Since each equivalence class [f ] = f + ker F λ is represented in a unique way by the 2-covariant symbol
of 2-covariant symbols of the bounded operators. Defining the product of the 2-covariant symbols
of the algebra with involution (B 2 (D×D), • λ ) on the C * -algebra (B 2 (D×D), * λ ). Similarly the inclusion map
is the monomorphism of
In the case under consideration the coherent state map K λ : D → CP(H) is holomorphic and D is a simply connected domain. Hence one can recontruct the 2-covariant symbol F 2 of the bounded operator F ∈ L ∞ (H) from its Berezin covariant symbol
The reconstruction is given by the analytic continuation of F from the diagonal
As a result we obtain the linear isomorphism c : B(D)
The map (4.13) is inverse to the restriction map
Hence one also defines the product
, which is given explicitly by
is the transition amplitude between the coherent states K λ (Z) and K λ (V ). For brevity, by f and g in (4.15) we denoted the Berezin covariant symbols of F, G ∈ L ∞ (H). Let us visualize the morphisms defined above in the following diagram
The notions of covariant and contravariant symbols were introduced by Berezin and their importance in various aspects of quantization was shown in [20, 21] . The 2-contravariant and 2-covariant symbols of Schatten class operators and bounded operators were studied in [22] .
In the following proposition we will mention a few properties of the quantum scalar conformal phase space M ++ and its C * -subalgebra M ++ pol . Proposition 4.1.
(vii) The statements i), ii), iii), v), and vi) are valid also for M ++ and P
++
(i) Let us denote by P the orthogonal projector defined by decomposition of H on the Hilbert subspaces irreducible with respect to M
for each f ∈ P ol(D) then from (3.38) and (4.20)one has 
The above gives (ii) It follows from i) and from the von Neumann bicommutant theorem.
(iii) Let us take the operator F ∈ L ∞ (H) which has finite number of nonzero matrix elements in the orthonormal basis (3.7). Then its 2-covariant symbol is given by
25) where Φ is a finite index set. The operator 
Thus it is diagonal and 
where X ∈ M ++ . In the particular case when X ∈ P ++ one has
, having a continuous prolongation to D. Thus, the Toeplitz algebra T λ (M ++ pol ) is generated by the operators
where f is a real analytic polynomial. The operator M f :
is the operator of multiplication by f ∈ C(D) and
. Using the representation (4.30) one can investigate M ++ pol in the framework of theory of Toeplitz algebras related to bounded symmetric domains, which were intensively investigated in series of works [24, 25, 26] .
The following basic statement can be viewed as a variant of the Coburn Theorem (see [27] ). of C * -algebra homomorphisms, where C(M 00 ) is the C * -algebra of continuous functions on the conformally compactified Minkowski space M 00 .
Proof: We begin observing that for f ∈ C(D) one has inequalities
which follow from (4.32) and from (5.5) respectively. From the first inequality in (4.35) it follows that the map which is diagonal, with
in the basis (3.7). We see from (4.44) that the spectrum σ of : Tr(E − A † A) : is contained in the interval [0, 2] and the set
is its approximative spectrum. The continuous function F : [0, 2] → R defined by
vanishes on σ a and F • ϕ ∈ I U(2) . Since F |σa ≡ 0 and F assumes the same value at most on a finite subset of σ \ σ a , we conclude that F (:
Let us take the sequence {P n (x)} n∈N of polynomials which uniformly approximate P n → F the function F ∈ C([0, 2]). Thus one has
From (4.47) and the first inequality of (4.35) we obtain
On the other hand, from the Gelfand-Naimark theorem and (4.47) we have The operators T λ (P n • ϕ) are polynomials of the creation and annihilation operators taken in the anti-normal ordering, so they differ from the polynomials P n (: Tr(E − A † A) :) modulo elements of CommM (4.50) Summing up we conclude that F • ϕ ∈ ker T λ ∩ I U (2) . Since it is easy to check that F • ϕ / ∈ I ∂D and that ker T λ , is conformally invariant it follows that ker T λ = I U(2) = I M 00 .
Taking into account that (4.36) is an epimorphism of C * -algebras, we state the following isomorphisms M ++ pol /CommM ++ pol ∼ = C(D)/I M 00 ∼ = C(M 00 ). These isomorphisms give the epimorphism π λ : M ++ pol → C(M 00 ). Ending this section, let us remark that "neglecting" the non-commutativity of quantum complex Minkowski space M ++ pol we come back to the commutative C * -algebra C(M 00 ) whose spectrum is given by the conformally compactified Minkowski space M 00 .
Quantization and physical interpretation
Analogously to the classical coordinate observables (Z, Z † ) on M ++ we shall use quantum coordinate observables (A, A † ) for the quantum phase space M ++ . Superposing morphisms from diagram (4.18) we obtain the extension of this correspondence. In such a way we get the isomorphism
which extends the quantization map,
2) discussed in the previous section. Taking into account the properties
for f, g ∈ B(D), we see that the isomorphism Q λ gives a quantization procedure inverse to the mean value map. According to relation (5.5), Berezin covariant symbols are the classical observables corresponding to the quantum observables realized by the bounded operators. As a particular case the quantum phase space M ++ ⊂ L ∞ (H) is obtained from M ++ ⊂ B(D) by the quantization (5.1). However for physical reasons we are interested in the extension of Q λ : B(D) → L ∞ (H) to a larger algebra of observables. For example it is reasonable to include in this scheme the elements of the enveloping algebra of the conformal Lie algebra su(2, 2). The latter ones are represented by unbounded operators in H which, according to the equivariance property (4.38), possess the common domain given by the linear span L(K λ (M ++ )) of the set K λ (M ++ ) of the coherent states. Let us then define the vector space A ++ of operators in H closed with respect to the operation of conjugation and all elements of which possess L(K λ (M ++ )) as a common domain. Therefore for any operator F ∈ A ++ the 2-covariant and Berezin covariant symbols have sense.
In the following we will use the coherent state weak topology, i.e. A n coh − − → A if Z|A n |V → Z|A|V for all Z, V ∈ D. It is a weaker topology than the weak one, as can be seen from the following example. Let D ∋ Z n = (1 − 1 n )E, n ∈ N. We define the sequence of operators 6) in terms of quantum coordinates (A
